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$\frac{\partial\Delta\psi}{\partial t}+J(\psi, \Delta\psi)+2\Omega\frac{\partial\psi}{\partial\lambda}=\frac{1}{R}\{(\Delta+2)\Delta\psi+(l(l+1)-2)Y_{l}^{0}(\mu)\}$, (1)
$t$ . $\lambda$ , $\mu$ $\sin$ $(\mu=\sin\phi,\phi )$
$\psi$ $\zeta=\Delta\psi$ $\Delta$
$(u_{\lambda}, u_{\mu})$ $u_{\lambda}=-\sqrt{1-\mu^{2}}(\partial\psi/\partial\mu),$ $u_{\mu}=$
$1/\sqrt{1-\mu^{2}}(\partial\psi/\partial\lambda)$ $R,$ $\Omega$ Reynolds
$J(A, B)=(\partial A/\partial\lambda)(\partial B/\partial\mu)-(\partial A/\partial\mu)(\partial B/\partial\lambda)$
$,(l(l+1)-2)Y_{l}^{0}(\mu)/R$ $Y_{l}^{m}(\lambda, \mu)$ $4\pi$
$l$ , $m$ $2\Delta\psi/R$ 3
2
(1) Reynolds $l$
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Fig.2 Bifurcation diagram in the non-rotating case. The blue asterisks and
red crosses denote hinearly stable/unstable regions, respectively. The horizontal
and vertical axes indicate the Reynolds number $and-12\psi_{2}^{0}-12\psi_{3}^{0}$ , respectively.
Notice that the horizontal axis is $\log$ scale in order to describe all the bifurcation
points in our computation.












$S,TW$3-S,$TW$5-S,$TW$6-$S$ Sasaki et al.[ll]
$\psi(\lambda, \mu, t)=\sum_{n=0}^{N}\sum_{m=-n}^{n}\psi_{n}^{m}(t)Y_{n}^{m}(\lambda, \mu)$ ,
$\psi_{n}^{m}(t)$ $N$ $N=53$
$I$ $J$
$I\geq 3N+1,J>3N/2$ 4 $=$
$\delta t=0.05$
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Fig.3 The streamfunctions of the steady traveling wave solutions at $\Omega=0.0$
and $R=10^{4};(a)$ $TW$l (b) $TW$2-N, (c) $TW$3-N, (d) $TW$4 (e) $TW$5-$N$ and (f)
$TW$6-N, respectively. The horizontal and vertical axes indicate the longitude and
the latitude, respectively.
(b)
Fig.4 The zonal-mean zonal velocity of the steady traveling wave solutions at
$\Omega=0.0$ and $R=10^{4};(a)$ $TW$l (b) $TW$2, (c) $TW$3, (d) $TW$4 (e) $TW$5 and
(f) $TW$6, respectively. In figure (b) the red cross and the blue asterisk indicate
$TW$2-$N$ and $TW$2-S, respectively. This point manner is same in the figure $(c),(e)^{-}$
and (f).
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Fig.5 The time series of the energy density of the chaotic solution (left) and its
the power spectrum (right). In the left figure, the horizontal and vertical axes
indicate the time and the energy density, respectively, while in the right figure,
the horizontal and vertical axes indicate the frequency and the power spectrum
of the energy density, respectively.
$M$ $\grave{}$ ,
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( ) ck $(\theta, t),$ $d_{l}(t)$ $\psi$
$Z(P_{M}(\psi))$ $\hat{\psi}(\lambda, \mu, t)$
$\hat{U}(\mu, t)=\sum_{k=1}^{K}\int\frac{d\theta}{2\pi}c_{k}(\theta, t)U_{k}(\mu)+\sum_{l=1}^{L}d_{l}(t)U_{l}^{T}(\mu)$ , (4)
$U_{k}(\mu),$ $U_{l}^{T}(\mu)$ $\psi_{k}(\lambda, \mu),$ $\psi_{l}^{T}(\mu)$
$\int\frac{d\theta}{2\pi}c_{k}(\theta, t),$ $d\iota(t)$ $Z(P_{M}(\psi))$
$\{U_{k}(\mu), U_{l}^{T}(\mu)\}(k=1, \cdots, K, l=1, \cdots, L)$
$\{U_{k}^{\dagger}(\mu), U_{l}^{T\uparrow}(\mu)\}(k=1, \cdots, K, l=1, \cdots, L)$
$\int\frac{d\theta}{2\pi}c_{k}(\theta, t)=\int_{-1}^{1}\frac{d\mu}{2}U_{k}^{1*}(\mu)U(\mu, t)$, $d_{l}(t)= \int_{-1}^{1}\frac{d\mu}{2}U_{l}^{T\uparrow*}(\mu)U(\mu, t)$ (5)
$U(\mu, t)$ $\psi$
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Fig.6 Snapshots of the streamfunction of the chaotic solution at $\Omega=0.0$ and
$R=10^{4}$ : (a) $t=107000,$ $(b)t=108000,$ $(c)t=146000,$ $(d)t=182000,$ $(e)$
$t=237000$ and (f) $t=313000$ , respectively. The horizontal and vertical axes
indicate the longitude and the latitude, respectively.
Fig.7 Snapshots of the zonal-mean zonal velocity of the chaotic solution at the
same time of the streamfunctions shown in the figure 6. The black line indicates
the zonal-mean zonal velocity of the chaotic solution. The blue asterisks, the
purple squares and the aqua squares indicate the reproduced zonal-mean zonal
velocity by the orthogonal projection method using the eleven steady$/steady$
traveling solutions, only the trivial solution and the pair of $TW5$ , respectively.
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Fig.8 The zonal-mean zonal velocity of the chaotic solution. The black and
rad lines denote the snapshots of the zonal-mean zonal velocity of the chaotic
solution and the time-averaged zonal-mean zonal velocity, respectively. The hor-
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Fig.9 The reproduced zonal-mean zonal velocity by the use of the orthogonal
mapping (4). The red line denotes the time-averaged zonal-mean zonal velocity
of the chaotic solution, while the blue asterisks indicate the time-averaged zonal-
mean zonal velocity by the orthogonal projection by use of the eleven unstable
steady solutions.
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Fig.10 The reproduction of the time-averaged zonal-mean zonal velocity by the
orthogonal projection in the case of the single solution used. The red line denotes
the time-averaged zonal-mean zonal velocity of the chaotic solution while the
purple and aqua squares denote that by the orthogonal projection constructed
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Fig.11 The relative error of the reproduced zonal.mean zonal velocity, $\mathcal{E}(t)$ . The
blue, purple and aqua lines denote in the cases of use of the eleven steady$/steady$
traveling solutions, only the trivial solution and the single pair of $TW$5, respec-
tively. The horizontal and vertical axes indicate the time and the relative error
of the reproduced zonal-mean zonal velocity, respectively.
Fig.12 The time-averaged and ensemble-averaged relative error of the repro-
duced zonal-mean zonal velocity. The vertical axis indicates the time-averaged
and ensemble-averaged relative error while the horizontal axis indicates the name
of the solutions used in the orthogonal projection: starting from the left, only
the trivial solution, only $TW$l, only the pair of $TW$2, only the pair of $TW$3, only
$TW$4, only the pair of $TW$5, only the pair of $TW$6 and the eleven steady$/steady$
traveling solutions.
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